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Abstract
Production from unconventional resources, specifically shale gas, has grown significantly in the last decade, especially
in the United States, with potential for growth elsewhere as well. However, empirical models used for conventional
resources such as the Arps (1944) have proven to be inadequate to assess and predict the production of unconventional
resources. Several empirical and numerical models have been developed in recent years but the need for a universally
applicable analytic solution still remains.
Production from shale gas wells declines rapidly and the need to have an analytic model to predict decline rates based
purely on rock and fluid properties forms the basis of this work. In this paper, a new method to solve the non-linear
pressure diffusion problem in an unconventional reservoir is proposed. The method is an extension of the semi-analytic
solution proposed by Schmid et al (2011) for spontaneous imbibition; which is a non-linear diffusion problem of a simi-
lar type. The proposed method can accommodate for arbitrary pressure dependent non-linear rock and fluid properties
as well as production due to desorption in an unconventional reservoir. The mathematical formulation is presented
for a general non-linear case and the model is then tested for a synthetic case.
It is believed that this model, based purely on fluid and formation properties, will allow better appraisal of potential
shale plays and help identify sweet spots to optimise drilling operations. Furthermore, it will enable better decision
making in production operations in shale plays.
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Abstract
Production from unconventional resources, specifically shale gas, has grown significantly in the last decade, especially
in the United States, with potential for growth elsewhere as well. However, empirical models used for conventional
resources such as the Arps (1944) have proven to be inadequate to assess and predict the production of unconventional
resources. Several empirical and numerical models have been developed in recent years but the need for a universally
applicable analytic solution still remains.
Production from shale gas wells declines rapidly and the need to have an analytic model to predict decline rates based
purely on rock and fluid properties forms the basis of this work. In this paper, a new method to solve the non-linear
pressure diffusion problem in an unconventional reservoir is proposed. The method is an extension of the semi-analytic
solution proposed by Schmid et al (2011) for spontaneous imbibition; which is a non-linear diffusion problem of a simi-
lar type. The proposed method can accommodate for arbitrary pressure dependent non-linear rock and fluid properties
as well as production due to desorption in an unconventional reservoir. The mathematical formulation is presented
for a general non-linear case and the model is then tested for a synthetic case.
It is believed that this model, based purely on fluid and formation properties, will allow better appraisal of potential
shale plays and help identify sweet spots to optimise drilling operations. Furthermore, it will enable better decision
making in production operations in shale plays.
1 Introduction
Development of unconventional resources, in particular shale gas, has seen massive growth in the US in the last
few years. These reservoirs have permeabilities in the micro to nano-Darcy range, which made their extraction un-
economic in the past. However, with advances in hydraulic fracturing, permeability can be increased significantly
and the drainage area can be increased with longer horizontal wells. In the US, unconventional gas accounts for two-
thirds of total production. The challenge facing the industry now is to replicate this success in other parts of the world.
Forecasting production and estimating reserves is vital before investment decisions can be made. Decline curve anal-
ysis, an empirical method, has often been used for this purpose. The Arps model (Arps, 1944) has been widely used
for analysing production from conventional resources. However, the production mechanism in shale is vastly different
from that in conventional reservoirs. Production due to desorption can be either negligible or the major contributor
to the cumulative production, depending on the geology. This calls for forecasting methods to be adapted to each
situation (Lee & Siddle, 2010), to take into account various non-linear rock and fluid properties, in order to predict
future production.
Several numerical models have also been used (Swami & Settari, 2012) but the need remains for a simple analytic
model based purely on rock and fluid properties. It is known that production rate declines as one over the square
root of time (1/
√
t) for early time behaviour (Patzek et al, 2013), before boundary effects are seen. Flow of gas from
matrix into fracture is essentially a 1D linear flow as gas diffuses from the matrix into the fracture. This process can
be mathematically described as a non-linear pressure diffusion problem. A solution for this general problem has been
proposed by Patzek et al (2013) where real gas pseudopressure (Al Hussainy et al, 1966) is used to pseudo-linearise the
problem; although technically the equation still remains non-linear. This solution gives good results for production
from the Barnett shale. However, it does not take into account desorption as well as unconsolidation in the reservoir
as pressure falls. Adding these non-linearities to the pressure diffusion equation results in a problem that does not
have a conventional analytic solution.
Schmid et al (2011) proposed a general semi-analytic solution for spontaneous imbibition. The solution was for
a non-linear diffusion equation for saturation, which is mathematically similar to the non-linear pressure diffusion
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problem that is the focus of this work. The solution by Schmid et al is adapted and extended to construct a new
closed form solution for single-phase flow problems with non-linear rock and fluid properties. It is a universally ap-
plicable solution since it can incorporate any sorption isotherm as well as pressure dependent rock and fluid properties.
In the following sections, a governing partial differential quation (PDE) for pressure is derived and a solution is con-
structed for a general case. The proposed solution is then verified by solving for a case with constant rock and fluid
properties (Oil) using the new method; which is then comapred with results from the analytical solution derived using
traditional methods. Following that, a test case with pressure dependent rock and fluid properties is presented using
data that is charactersitic of major shale plays. The solutions for the amount of gas produced and the production
rate decline are shown. There also is a numerical solution required to determine one of the parameters used in the
equations to determine production rate and cumulative production. This parameter can be determined readily and
fairly easily using a spreadsheet and a method is outlined in Section 2.1.
2 Derivation of the Conservation Equation and its Solution
In this section, the governing partial differential equation (PDE) for pressure diffusion in shale gas reservoirs is derived
and a general solution is constructed using the new method.
Starting off from mass balance:
∂
∂x
(ρq) = − ∂
∂t
b(P ) (1)
where ρ is gas density and b(P ) is any arbitrary function of pressure.
Defining the gas Darcy velocity, q:
q = −k
µ
∂P
∂x
(2)
where k and µ can be functions of pressure.
Inserting (2) into (1):
∂
∂x
(
ρ
k
µ
∂P
∂x
)
=
∂
∂t
b(P ) (3)
∂
∂x
(
ρ
k
µ
∂P
∂x
)
=
∂
∂P
b(P )
∂P
∂t
(4)
A dimensionless pressure PD can be defined as:
PD =
P − Po
Pi − Po → ∂PD =
∂P
∆P
(5)
where P is pressure, Po is the constant pressure at well, Pi is the initial reservoir pressure and ∆P = Pi − Po.
Equation (4) then becomes:
∂
∂x
(
∆Pρ
k
µ
∂PD
∂x
)
=
∂
∂PD
b(P )
∂PD
∂t
(6)
∂
∂x
(
C
∂PD
∂x
)
= B
∂PD
∂t
(7)
where C and B are both arbitrary functions of pressure defined as:
C(P ) = ρ
k
µ
∆P (8)
and
B(P ) =
∂
∂PD
b(P ) (9)
A solution for this type of a problem, adapted from Schmid et al (2011), can be formulated as:
ω =
x√
t
(10)
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and
ωB =
dF
dPD
(11)
where F (PD) is defined as capillary fractional flow as in Schmid et al (2011). Here, F has a maximum value defined
as F1 = F (1) and furthermore F (0) = F0.
The following integrals can be derived:
∂PD
∂t
= − ω
2t
dPD
dω
(12)
and
∂PD
∂x
=
1√
t
dPD
dω
(13)
Inserting (12) and (13) into (7) gives:
2
d
dω
(
C
dPD
dω
)
+Bω
dPD
dω
= 0 (14)
2
d
dω
(
C
dPD
dω
)
= −BωdPD
dω
(15)
Integrating (15) once gives:
−2
∫
d
(
C
dPD
dω
)
=
∫
BωdPD (16)
−2C dPD
dω
=
∫
BωdPD (17)
From (11) earlier, the following relations can be obtained:
ωBdPD = dF (18)
and
dω
dPD
=
d
dPD
(
1
B
dF
dPD
)
(19)
Rearranging (17) gives:
dω
dPD
∫
ωBdPD = −2C (20)
Inserting (18) and (19) into (20) gives: ∫
dF
d
dPD
(
1
B
dF
dPD
)
= −2C (21)
Further simplifying (21) leads to:
(F − F1) d
dPD
(
1
B
dF
dPD
)
= −2C (22)
In order to solve (22), boundary conditions need to be defined. These have to make physical sense and are defined as
follows:
P (x = 0, t) = Po ⇒ PD = 0 (23)
P (x, t = 0) = Pi ⇒ PD = 1 (24)
P (x→∞, t) = Pi ⇒ PD = 1 (25)
Equation (22) can be solved by simply integrating it twice. However, the complexity is, that the solution is expressed
in terms of implicit integrals: that is the integral to find F involves F itself.
An alternative approach, based on the physics of the solution, can be used to construct a solution. For the second-order
equation for F , two conditions need to be specified to formulate a solution. The first is that for PD = 0,
dF
dPD
= 0.
This implies that the pressure front does not move at the inlet. Secondly, the solution moves smoothly to the initial
pressure far from the well and therefore, for PD → 1 , dF
dPD
→ ∞. Importantly, both these restrictions are applied
only on the derivative of F and so F can be specified to an arbitrary constant. In this work, for simplicity, F0 = 0.
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Equation (22) does not need to be solved explicitly to determine the decline rate in gas production and the cumulative
production. Only the value of F is needed to calculate that.
From (2) and (8), the gas Darcy velocity, q can be determined:
q = − C
ρ∆P
∂P
∂x
(26)
and in terms of dimensionless pressure PD, using (5), (26) is:
q = −C
ρ
∂PD
∂x
(27)
Inserting (13) into (26):
q = − 1√
t
C
ρ
∂PD
∂ω
(28)
Further simplification can be achieved
q =
(F − F1)
2ρ
√
t
(29)
At the inlet, PD = 0 and F = F0 = 0.
q = − ∆F
2ρ
√
t
(30)
where ∆F = F1 − F0 and the flow rate is determined by the change in F and so an arbitrary value of F0 does not
effect the result. Density is measured at the well pressure and the minus sign indicates that gas is produced.
The total amount of gas produced, Q, is:
Q =
∫ t
0
− ∆F
2ρ
√
t
dt =
∆F
ρ
√
t (31)
Equations (30) and (31) give the gas rate and amount produced at bottom hole conditions. Therefore, gas formation
volume factor, Bg, must be used to convert the quantities to standard conditions.
B and C can be computed from fluid properties. A numerical approach can be used to find the value of F . A backwards
finite difference scheme can be used to construct a solution for F and this is outlined in the following section.
2.1 Solution for F
F can be computed using a backwards finite difference scheme. Firstly, F1 is the maximum value of F and occurs at
PD = 1. Another condition is that F0 is the minimum value of F and occurs at PD = 0.
Using equation (22):
1
B
dF+
dPD
=
Fi − Fi−1
∆PD
1
Bi
(32)
and
1
B
dF−
dPD
=
Fi−1 − Fi−2
∆PD
1
Bi−1
(33)
Inserting (32) and (33) into (22) gives:
Fi − F1
∆P 2D
[(
Fi − Fi−1
Bi
)
−
(
Fi−1 − Fi−2
Bi−1
)]
= −2Ci (34)
Equation (34) is quadratic for Fi and expansion leads to:
F 2i
1
∆P 2DBi
− Fi 1
∆P 2D
[
F1
Bi
+
Fi−1
Bi
+
(Fi−1 − Fi−2)
Bi−1
]
− F1
∆P 2D
[
Fi−1
Bi
+
(Fi−1 − Fi−2)
Bi−1
]
+ 2Ci = 0 (35)
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Equation (35) is of the form of a standard quadratic equation ax2 + bx+ c = 0 where:
a =
1
∆P 2DBi
(36)
b = − 1
∆P 2D
[
F1
Bi
+
Fi−1
Bi
+
(Fi−1 − Fi−2)
Bi−1
]
(37)
and
c = − F1
∆P 2D
[
Fi−1
Bi
+
(Fi−1 − Fi−2)
Bi−1
]
+ 2Ci (38)
Using the quadratic formula, x =
−b±√b2 − 4ac
2a
, Fi can be computed. From results, it was found that the negative
root is the stable one.
The range of values of F for PD = 0 → PD = 1 can be readily computed on a spreadsheet. Values of B and C can
be calculated for the entire pressure range. As mentioned previously,
dF
dPD
= 0 at PD = 0 and so F = 0 is imposed
at PD = 0. A guess for the value of F1 is required and iteration leads to convergence when the value guessed for F1
is equal to the value of F at PD = 1; which is the maximum value of F as defined previously. Using a spreadsheet, F
can be computed readily and quickly. Once the value has been determined, it can be plugged into (30) and (31) to
determine the production decline rate and cumulative production for a given set of rock and fluid properties.
3 Verification of the Proposed Solution
In this section, a linear PDE for pressure diffusion will be solved using an existing analytic method as well as the new
method. The results will be compared to verify if the proposed solution is valid or not before it can be applied to a
non-linear problem. However, it is ony possible to compare the existing and new solution for the linear PDE because
the existing analytic method cannot be applied to a non-linear PDE; hence the need for the new analytic solution.
The linear PDE for incompressible fluid flow represents a single phase oil system.
3.1 Solution using Proposed Method for Incompressible Fluid Flow
Starting off from (7):
∂
∂x
(
C
∂PD
∂x
)
= B
∂PD
∂t
(39)
where C and B are defined as:
C = ρo
k
µ
∆P (40)
and
B =
∂
∂PD
ρoφ (41)
with φ being porosity, µo is oil viscosity, ρo is oil density and k is permeability. All of these can be assumed to be
constant for a conventional oil reservoir.
Since C and B are constants and not functions of pressure, (39) can be expressed as:
∂2PD
∂x2
= D
∂PD
∂t
(42)
where D =
φµoct
∆Pk
and ct is total compressibilityoil and rock.
Using a similar approach as before but with a slight change in (11) as defined:
ω =
dF
dPD
(43)
Inserting (12) and (13) into (42):
2
d
dω
(
dPD
dω
)
+Dω
dPD
dω
= 0 (44)
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Integrating (44) once gives:
D
∫
ω dPD = −2dPD
dω
(45)
From (43) earlier, the following relations can be obtained:
ω dPD = dF (46)
and
dPD
dω
=
dP 2D
d2F
(47)
Inserting (46) and (47) into (45) gives:
D
∫
dF = −2dP
2
D
d2F
(48)
Integrating and rearranging gives the final form of the equation which can be solved:
F
d2F
dP 2D
= − 2
D
(49)
For this example, oil compressiblity, permeability, oil viscosity and porosity are all constant. This makes the term D
in equation (49) a constant.
The boundary conditions for pressure, defined earlier in (23) to (25), are applicable here as well.
A simple numerical approach can be used to find the solution. With D being a constant, equation (49) can be solved
numerically, starting with PD = 0 and increasing it in small increments to the maximum value of 1. A value for F is
guessed initially with the above mentioned constraints. Iteration leads to the value of F such that F → 0 as PD → 1.
For comparison, results for a sample case are presented after the governing PDE is solved using existing traditional
analytic methods.
3.2 Solution using Existing Method for Incompressible Fluid Flow
A solution for the governing linear PDE for pressure diffusion is constructed, for initial and boundary conditions
defined previously, using Laplace transforms.
Starting off from (42):
∂2PD
∂x2
= D
∂PD
∂t
(50)
Taking the Laplace transform:
∂2P˜D
∂x2
= DsP˜D −DPDi (51)
where P˜D is dimensionless pressure in the Laplace domain.
The general solution for this is of the form:
P˜D = Ae
√
Dsx +Be−
√
Dsx +
PDi
s
(52)
PDi is PD at initial value. From (24), P = Pi at initial conditions, thus PDi = 1, giving:
P˜D = Ae
√
Dsx +Be−
√
Dsx +
1
s
(53)
Inner boundary condition, at well (x = 0), from (23), is P = Po; giving P˜D = 0. Using this in (53):
0 = A+B +
1
s
(54)
and
A = −B − 1
s
(55)
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The outer boundary condition, (x→∞), from (25) , is P = Pi; giving P˜D = 1. Using this in (53):
P˜D = A(e
√
Dsx→∞) +B(e−
√
Dsx→∞) +
1
s
(56)
From previous discussion, as x → ∞, P˜D = 1 and dP˜D
dx
= 0. Taking the derivative of (56) and applying the limit
x→∞:
dP˜D
dx
=
√
DsA(e
√
Dsx→∞) +
√
DsB(e−
√
Dsx→∞) = 0 (57)
√
DsA(∞) +
√
DsB(0) = 0 (58)
From (58) it can be inferred that A = 0 and using this in (55) gives B:
B = −1
s
(59)
Equation (56) can now be simplified using A = 0 and B = −1
s
to give:
P˜D = −1
s
e−
√
Dsx +
1
s
(60)
Taking inverse Laplace transform:
PD = erf
(
x
√
D
2
√
t
)
(61)
As defined previously, ω =
x√
t
, therefore (61) can be expressed as:
PD = erf
(
ω
√
D
2
)
(62)
3.3 Comparison Between Existing and Proposed Solution
Now the two methods can be compared for the linear PDE which represents an oil system. D is a constant and can
be computed from given rock and fluid properties. The values chosen to calculate D are presented in Table 1.
Table 1: Values chosen for D.
Variable Value SI Units Value Oil Field Units
φ 0.2
k 1.97×10−13 m2 200 mD
µo 2×10−3 Pa.s 2 cp
ct 7.25×10−9 1/Pa 5×10−6 1/psi
Po 2.07×107 Pa 3000 psi
Pi 4.83×107 Pa 7000 psi
The value of D =
φµoct
∆Pk
is:
D = 5.33× 10−8 m2/s
Equation (49) can be solved in a spreadsheet. A value for F was guessed and iteration was carried out until the
condition F → 0 as PD → 1 was met. This gives a range of values of F for PD(0→ 1). These can be used to obtain
the range of values of ω using the relation in (43). These values of ω can be used in (62) to determine how PD varies
for values of ω obtained from the new method. If this PD, obtained using the traditional solution in (62), is the same
as the PD from (49) in the earlier step, then the proposed solution would be valid. Results are presented in Figure 1.
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Figure 1: 1/PD vs ωD comparison between the traditional and proposed solutions.
Figure 1 shows that dimensionless pressure PD, when plotted against ωD, displays exactly the same, smooth dispersion
profile with both the traditional solution derived using Laplace transforms and the proposed soluion.
From this, it can be concluded that the new solution is valid and the next step is to construct a solution, using the
same principles as before, for a non-linear PDE.
4 Synthetic Case for Methane in Shale Formation
Having already formulated a general solution for a non-linear PDE for pressure diffusion, the pressure dependent
variables will now be added to the PDE to construct a specific solution for methane in a shale formation. In prac-
tice, permeability, porosity and fluid viscosity can all be functions of pressure in shale gas reservoirs. These pressure
dependent relationships can vary in different formations and here only general forms will be used. The purpose is
to illustrate how the method can be applied to assess potential production from any general shale formation rather
than do a match with production data from one particular formation or well. More importantly, it will be shown how
sorption can be included in the solution. Desorption, essentially a non-linear process, can contribute significantly to
production and being able to account for it in an analytic model is one of the key achievements of this research.
The simplest desorption model, Langmuir isotherm which describes monolayer adsorption (Langmuir, 1918), will be
used in this example. It is described as:
gc =
VlP
P + Pl
(63)
where gc is gas content in m
3 of gas per kg of rock. Vl is Langmuir volume and Pl is Langmuir pressure. Equation
(63) can be converted to kg of gas per m3 of rock if adsorbed gas density and bulk density of rock are available and
hence be included in the mass balance equation. From (3) earlier, defining b(P ), as adapted from Patzek et al (2012):
b(P ) =
∂
∂t
(φρg + (1− φ)tcgc) (64)
where ρg is free gas density in pore space, tc is total organic content of rock and gc is gas content, representing amount
of adsorbed gas on rock surface.
Now the full mass balance equation is:
∂
∂x
(
ρg
k
µg
∂P
∂x
)
=
∂
∂t
(φρg + (1− φ)tcgc) (65)
In this example, µg is constant but k, φ and ρg are taken as functions of pressure alongwith gc, as described earlier.
The detailed derivation is shown in Appendix C and equation (65) can be expressed as:
∂
∂x
(
C
∂PD
∂x
)
= B
∂PD
∂t
(66)
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where C and B are defined as:
C = ρg
k
µg
∆P (67)
and
B =
(
φρgcg + ρgφcf − tcgcφcf + (1− φ)tc ∂gc
∂PD
)
(68)
Equation (66) is the same as (7) and with the steps outlined previously, it can be presented in the form of (22):
(F − F1) d
dPD
(
1
B
dF
dPD
)
= −2C (69)
The method to solve (69) has already been described. However, pressure dependent functions for gas density, perme-
ability, porosity and sorption are needed before it can solved.
φ = φi e
cf (P−Pi) (70)
k = ki e
3cf (P−Pi) (71)
These relations for porosity and permeability are commonly used in coal bed methane (CBM) reservoirs and have
been applied in the industry for shale gas as well (Houze´ et al, 2010). Pi is initial reservoir pressure, φi and ki are
porosity and permeability at initial pressure respectively, and cf is constant formtion compressibility.
Gas pressure-density correlation was developed for methane (CH4) at 150
◦F (∼ 65◦C) and the procedure is outlined
in Appendix B. The following relations were obtained:
ρg = 104.96 ln(P )− 1619.6 (72)
and
∂ρg
∂P
=
104.96
P
(73)
Lastly, the sorption isotherm in (63) is for gas in volume (m3) per mass (kg) of rock. If the adsorbed gas density is
known, the volume (m3) can be converted to mass (kg) to give mass of gas per mass of rock. Furthermore, if bulk
density of rock is known, then mass (kg) of rock can be converted to volume (m3). This would give mass of gas (kg)
per unit volume (m3) of rock:
gc =
VlP
P + Pl
ρaρb (74)
and
∂gc
∂P
=
VlPl
(P + Pl)2
ρaρb (75)
where ρa is adsorbed gas density, which is normally much higher than free gas density (Mosher et al, 2013), and ρb is
bulk density of organic rich rock.
Having defined all the pressure dependent variables, values can be chosen for the synthetic case, henceforth referred
to as the base case. It is difficult to obtain all the required data for a particular well or even a field. Therefore, values
that might typically be found in a shale system are used. Results are presented in Section: 4.1.
Table 2: Values chosen for reservoir model.
Variable Value SI Units Value Oil Field Units
φi 0.08 -
ki 4.93×10−19 m2 500 nD
µg 0.00002 Pa.s 0.02 cp
Po 1.38×106 Pa 2000 psi
Pi 2.76×107 Pa 4000 psi
T 65 ◦C 150 ◦F
Vl 0.0014 m
3/kg 50 scf/ton
Pl 3.1×106 Pa 450 psi
tc 0.06
ρa 400 kg/m
3 24.97 lb/ft3
ρb 1600 kg/m
3 99.88 lb/ft3
cf 4.35×10−10 1/Pa 3×10−6 1/psi
Bg 0.00128 -
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4.1 Results for Synthetic Case
Equations (30) and (31) give rate and production in m/s and m respectively, since the solution is for 1D linear flow.
In order to determine the production from a well, a model of a horizontal well with a fixed number of equally spaced
transverse fractures is taken and the total flow into one fracture is determined by multiplying the output from (30)
and (31) to the area of the fracture open to flow. A model similar to the one used by Patzek et al (2013) is shown in
Figure 2.
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Figure 2: An illustration of fluid flow from the matrix into fractures in a horizontal well with multiple fractures.
It has been been recognised by Al-Ahmadi et al (2010) that this type of a model is an accurate representation of
hydraulically fractured wells in shale formations. Fracture half length is l, distance between two fractures is d and
fracture hight is h. It can be assumed that a fixed number of equal sized and equidistant fractures behave like one
large fracture with a size Af = 2nlh where n is the number of fractures (Houze´ et al, 2010). The parameters chosen
for the well geometry are shown in Table 3.
Table 3: Values chosen for well geometry.
Variable Value SI Units Value Oil Field Units
n 30
l 228.6 m 750 ft
h 152.4 m 500 ft
The results for the properties defined in Table 2 and the well model defined by Table 3 are shown in Figure 3 and
Figure 4.
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Figure 3: Gas production rate and the cumulative production for the base case.
It can be seen that the gas production rate declines rapidly in the first year of production and the decline rate decreases
thereafter. The solution presented is valid for early time linear flow from matrix into fractures, before the leading front
reaches the boundary. However, maximum production from hydraulically fractured shale formations occurs during
the early time linear flow regime, before adjacent fractures start competing for production from the same part of the
reservoir.
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Figure 4: PD vs ω for the base case.
The distance moved by the pressure leading front scales as one over the square root of time and the pressure front
moves in a smooth profile to initial reservoir pressure far from the well. A sensitivity analysis was perofrmed on the
base case values in Table 2 and Table 3. In each case, one or two of the values were altered to determine the impact
of the parameter(s) on produciton and pressure decline in the reservoir.
4.2 Sensitivity Analysis on Base Case
For the base case values, the production profile is shown in a log-log plot in Figure 5:
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Figure 5: Gas production rate and the cumulative production on a log-log plot.
A negative half unit slope for gas production rate can be seen on the log-log plot. This confirms with the early time
linear flow regime encountered in shale gas wells. This flow regime comes to an end when the pressure leading front
reaches the boundary after which boundary dominated flow is observed. The time it takes for the pressure front to hit
the boundary is known as the interference time and can be determined by a method proposed by Patzek et al (2013).
The solution developed is only valid till the time before the characteristic interference time.
One of the key achievements of this research was to develop a model that can include production due to desorption.
The model was run for the base case Po of 13.79 MPa (2000 psi) and for 10.34 MPa (1500 psi). For both these
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bottom hole pressures, the model was run with and without desorption and the results are shown in Figure 6.
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Figure 6: Gas production rate and the cumulative production for variable bottom hole pressure.
It can be seen that reduction in bottom hole pressure results in significant increase in cumulative prodution. Fur-
thermore, prodcution due to desorption is noticeable for both well pressures. However, since the well pressure is still
above Pl, most of the production is still of the free gas trapped in pore space.
The next case is for Langmuir pressure Pl changed from the original value of 3.10 MPa (450 psi) to 8.27 MPa (1200
psi). The bottom hole pressures are chosen to be above and below this value. Results are shown in Figure 7.
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Figure 7: The effect of sorption for bottom hole pressure above and below the Langmuir pressure.
As expected, for bottom hole pressure of 9.65 MPa (1400 psi), which is above Pl, production is minimum. Maxi-
mum is for Po of 6.89MPa (1000psi) and is significantly more than the production for the same Po without desorption.
More importantly however, is that production at Po at 7.58 MPa (1100 psi), which is below Pl, is almost the same
as the production at 6.89 MPa (1000 psi) without desorption. These trends show how the model accurately forecasts
production and takes into account the non-linear desorption parameters. If the reservoir pressure is below Pl, there is
a rapid increase in production for small decline in pressure due to increased desorption.
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Another Important thing to note about Langmuir sorption isotherm is that at Pl, only half the gas is desorbed.
If Pl is well below reservoir and bottom hole pressure, then significant pressure decline will not produce relatively
large quantities of gas. However, if reservoir pressure is below Pl, small decline in pressure will result in significant
desorption and add significantly to cumulative production. The latter effect has already been observed in Figure 8.
In the next scenario, bottom hole pressure is kept at base case value of 13.79 MPa (2000 psi). The value of Pl is
changed significantly while still being kept below the bottom hole pressure. Results are shown in Figure 8.
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Figure 8: The effect of variable Langmuir pressure below the bottom hole pressure.
It can be seen that even though there is a huge change in the value of Pl, the difference in cumulative production is
relatively small. The minimum reservoir pressure is still well above Pl, therefore the change in total production is not
as significant as the one seen in Figure 7 where well pressure was below Pl.
The next case looks at the pressure profile in the reservoir, more specifically, how the pressure wave travels when
scaled with the square root of time. The bottom hole pressures are chosen to be above and below Pl at 8.27 MPa
(1200 psi). Figure 10 shows dimensionless pressure vs dimensionless dispersion.
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Figure 9: PD vs ωD for variable Langmuir pressure below the bottom hole pressure.
It can be seen that the pressure wave travels fastest for the cases without desorption. This is expected since there is no
gas desorbed to decrease the rate of pressure decline, leading to no increase in production. For the high permeability
case, 750nD, the pressure decline is faster than for the 500nD permeability case with the same bottomhole pressure.
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Again, this is the expected result since higher permeability leads to faster production and hence a faster decline in
pressure.
A comparison between production from a pure methane and pure ethane reservoir was also done. A correlation for
ethane was developed for the required pressure range and is shown in Appendix B. This is by no means an exhaustive
comparison. Firstly, the adsorbed gas density is chosen to be the same for both gases. Also, both gases would normally
be found as a mixture in reservoirs. The purpose of this study is just to show how production varies for variable gas
properties such as compressibility and formation volume factor. For ethane, the formation volume factor was chosen
to be 0.0011. All other properties were the same as in Table 2. The results are shown in Figure 10.
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Figure 10: A comparison between the production from ethane and methane reservoirs.
The volume of methane produced is significantly more than that of ethane. However, that is expected since the density
of methane is much less at well conditions as well as at surface conditions. Also, from (30) and (31), the flow rate and
production is inversely proportional to density.
5 Conclusions
A new method to solve non-linear PDEs for pressure has been derived to develop an anlytical solution to predict gas
production rate and cumulative production. The solution is unique and can incorporate arbitrary pressure dependent
non-linear rock and fluid properties usually encountered in shale formations.
Previously, it was only possible to include non-linear effects in complex numerical models using advanced software.
The solution presented is simple and can be readily computed using a spreadsheet. It is universally applicable and
allows for any number of pressure dependent properties and well geometry to be included.
It is hoped that this model will allow accurate and quick forecasting of production from current and potential shale
plays. It will also enable in optimising drilling locations and in identifying sweet spots for drilling and hydraulic
fracturing. Several countries are keen to exploit their shale gas reserves and make it a significant part of their energy
mix. However, experience and expertise in the field is fairly limited outside of the US, leading to uncertainties in
estimating recoverble reserves. It is believed that this model can help in reliable and quick appraisal of shale plays,
thus allowing for better decision making in developing shale reserves.
Nomenclature
Af area of fracture open to flow, m
2
Bg gas formation volume factor
P pressure, Pa
PD dimensionless pressure
Pi initial reservoir pressure, Pa
Pl Langmuir pressure, Pa
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Po constant pressure at well, Pa
PDi dimensionless pressure at initial condtions
Vl Langmuir volume, m
3/kg
∆P pressure difference, Pa
P˜D dimensionless pressure in Laplace domain
cf formation compressibility, 1/Pa
cg gas compressibility, 1/Pa
ct total compressibility, 1/Pa
d distance between two fractures, m
gc gas content, m
3/kg
h fracture height, m
k permeability, m2
ki permeability at initial pressure, m
2
l fracture half length, m
n number of fractures
q gas Darcy velocity, m/s
t time, s
tc total organic content
x distance, m
µ fluid viscosity, Pa.s
µg gas viscosity, Pa.s
µo oil viscosity, Pa.s
φ porosity
φi porosity at initial pressure
ρ gas density, kg/m3
ρa adsorbed gas density, kg/m
3
ρb bulk density of rock, kg/m
3
ρg free gas density, kg/m
3
ρo oil density, kg/m
3
CBM coal bed methane
PDE Partial Differential Equation
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Appendices
A Literature Review
Table 4: Literature Milestones in Flow Analysis of Shale Oil and Gas.
Paper Year Title Authors Contribution
SPE 39931 1998 “Production Analysis of
Linear Flow into Frac-
tured Tight Gas Wells”
R.R. Wattenbarger,
A.H. El-Banabi,
M.E. Vilegas, J.B.
Maggard
Mostly linear flow in tight gas
reservoirs. Drainage area can be
determined if boundary effects
have been observed.
SPE 130370 2010 “Application of Linear
Flow Analysis to Shale
Gas Wels - Field Cases”
H.A. Al-Ahmadi,
A.M. Almarzooq,
R.A. Wattenbarger
Horizontal well can be modelled
as a cuboid region within which
gas can diffuse to a pair of paral-
lel planar boundaries (fractures).
SPE 149489 2011 “Gas Shale: From
Nanometer-scale Observa-
tions to Well Modelling”
D. Silin, T.J.
Kneafsy
Gas flow occurs only in the stim-
ulated reservoir volume (SRV)
adjacent to the fracture.
Water Reseources
Research, Vol. 47,
W02550
2011 “Semianalytical solutions
for cocurrent and coun-
tercurrent imbibition and
dispersion of solutes in im-
miscible two-phase flow”
K.S. Schmid, S.
Geiger, K.S. Sorbie
Developed a semi-analytical so-
lution for a diffusion equation for
spontaneous imbibition based on
two-phase Darcy model.
SPE 133615 2012 “Simplified Forecasting of
Tight/Shale-Gas Produc-
tion in Linear Flow”
M. Nobakht,
L. Mattar, S.
Moghadam, D.M.
Anderson
Forecasting procedure for wells
with extended linear flow.
Proceedings of the
National Academy
of Sciences of the
United States of
America, 119 (49),
19731-19736
2013 “Gas Production in the
Barnett Shale Obeys a
Simple Scaling Theory”
T.W. Patzek, F.
Male, M. Marder
Gas production scales as a square
root of time for early time be-
haviour before boundary effects
are seen.
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SPE 39931 (1998)
Production Analysis of Linear Flow into Fractured Tight Gas Wells.
Authors: R.R. Wattenbarger, A.H. El-Banabi, M.E. Vilegas, J.B. Maggard
Contribution to Flow Analysis of Shale Oil and Gas: Determine that mostly linear flow occurs in tight gas reservoirs
and no pseudo-radial flow.
Objective of paper: Develop flow equations and type curves for long term production forecasting with constant bottom
hole pressure.
Methodolgy used: Developed new solutions and applied on field cases.
Conclusion reached: Many tight gas wells exhibit linear flow which can last for many years. Drainage area can be
determined if outer boundary effects are seen, leading to estimates of gas in place.
Comments: It can be assumed that maximum production occurs during linear flow since it can last for extended
periods, making it vital to develop models to predict production during this period.
SPE 130370 (2010)
Application of Linear Flow Analysis to Shale Gas Wels - Field Cases.
Authors: H.A. Al-Ahmadi, A.M. Almarzooq, R.A. Wattenbarger
Contribution to Flow Analysis of Shale Oil and Gas: Recognised that a horizontal well can be modelled as a cuboid
region within which gas can diffuse to a pair of parallel palanar boundaries (fractures).
Objective of paper: Develop analytical mathemtical models to represent relationship between fractures and matrix
rock that can be fit by linear dual porosity systems.
Methodolgy used: Assumption made that production rate is controlled by linear transient flow drainage out of matrix
blocks. Skin effect modelled with a modified equation.
Conclusion reached: Developed models for dual porosity systems applicable for early time linear flow to model well
performance.
Comments: Produced further work on how linear flow is the dominant regime in shale wells. However, it is still
production data analysis and the scope of this research is to develop analytical models to predict decline rates using
rock and fluid properties only.
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SPE 149489 (2011)
Gas Shale: From Nanometer-scale Observations to Well Modelling.
Authors: D. Silin, T.J. Kneafsy
Contribution to Flow Analysis of Shale Oil and Gas: Gas flow occurs only in the stimulated reservoir volume adjacent
to the fractures.
Objective of paper: Use pore-scale analysis of shale samples to identify critical parameters to be employed in gas flow
model to evaluate production data.
Methodolgy used: Employed 3D imaging techniques to analyse pore structure.
Conclusion reached: Heterogeneity is present at all scales. Permeability in rock matrix is extremely low and gas flow
occurs only in the limited stimulated reservoir volume.
Comments: Gas flow in the stimulated reservoir volume would be linear and this conclusion is essential to develop an
accurate analytical model for production from fractured horizontal wells.
Water Reseources Research, Vol. 47, W02550 (2011)
Semianalytical solutions for cocurrent and countercurrent imbibition and dispersion of solutes in immiscible two-phase
flow.
Authors: K.S. Schmid, S. Geiger, K.S. Sorbie
Contribution to Flow Analysis of Shale Oil and Gas: No direct contribution.
Objective of paper: Develop a semi-analytical solution for spontaneous imbibition.
Methodolgy used: Used a solution presented by Sunada and McWhorter to develop an analytical solution for two-phase
flow for spontaneous imbibition.
Conclusion reached: The solution is univerally applicable and has been proven to be valid.
Comments: Although this work is not in any way related to production from shale gas wells, the diffusion equation
for spontaneous imbibition is similar to that of pressure. The solution is modified and extended to develop a closed
form solution for production from shale gas wells.
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SPE 133615 (2012)
Simplified Forecasting of Tight/Shale-Gas Production in Linear Flow.
Authors: M. Nobakht, L. Mattar, S. Moghadam, D.M. Anderson
Contribution to Flow Analysis of Shale Oil and Gas: Developed forecasting procedures for wells with extended linear
flow.
Objective of paper: Develop simplified forecasting procedures for shale gas wells without using complex analytical or
numerical models.
Methodolgy used: Developed mathematical models verified by matching with results from numerical models. Also
applied the method to real shale plays.
Conclusion reached: The proposed method is simple and shows reasonable agreement with production data.
Comments: It is still production data analysis for linear flow and uses the first year of production data to make
forecasts. However, production from shale gas wells is maximum during the first few months and the model cannot
predict that.
Proceedings of the National Academy of Sciences of the United States of America (2013)
Gas Production in the Barnett Shale Obeys a Simple Scaling Theory.
Authors: T.W. Patzek, F. Male, M. Marder
Contribution to Flow Analysis of Shale Oil and Gas: Developed a semi-analytic model to determine production from
shale gas wells and to estimate reserves.
Objective of paper: Develop a scaling curve that can be applied to different reservoirs and predicts production.
Methodolgy used: A mathematical model is developed and the pressure diffusion equation is solved using pseudo-
pressure. The solution is a general scaling curve.
Conclusion reached: The model accurately predicts production for wells in the Barnett shale and uses minimal data
to do so. Typical interference time in the Barnett shale is five years and the cumulative production is a function of
interfernece time and mass of gas in place.
Comments: The model shows good agreement with data from the Barnett shale. However, production due to des-
orption is assumed to be negligible. This assumption is probably not valid for most shale plays. Furthermore, the
pressure diffusion equation is solved numerically to determine the mass flow rate into the fracture from the matrix.
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B Thermophysical Correlations
An isothermal correlation for methane density and pressure was developed using data for methane at 150◦F (∼ 65◦C).
The data was taken from Cristancho et al (2010).
Table 5: Data for methane pressure-density correlation.
T (K) T (C) T (F) P (MPa) P (Pa) P (psi) ρ(kg/m3)
338.049 64.899 148.818 5.000 5000000 725.189 29.983
338.037 64.887 148.797 6.905 6905000 1001.485 42.093
338.103 64.953 148.915 9.969 9969000 1445.881 62.054
338.079 64.929 148.872 15.026 15026000 2179.336 95.246
338.082 64.932 148.878 20.687 20687000 3000.395 130.132
338.080 64.930 148.874 30.005 30005000 4351.856 177.380
338.048 64.898 148.816 34.473 34473000 4999.885 195.446
338.083 64.933 148.879 50.031 50031000 7256.381 241.969
338.079 64.929 148.872 59.971 59971000 8698.056 263.229
338.063 64.913 148.843 70.001 70001000 10152.784 280.639
338.103 64.953 148.915 80.310 80310000 11647.978 295.610
338.112 64.962 148.932 99.908 99908000 14490.427 318.744
338.068 64.918 148.852 124.895 124895000 18114.484 341.685
338.066 64.916 148.849 149.542 149542000 21689.228 359.787
338.094 64.944 148.899 164.905 164905000 23917.442 369.665
338.121 64.971 148.948 179.829 179829000 26081.985 378.164
y = 104.96ln(x) - 1619.1
R² = 0.9905
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Figure 11: A pressure-density correlation for methane.
The correlation developed is:
ρg = 104.96 ln(P )− 1619.1 (76)
∂ρg
∂P
=
104.96
P
(77)
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A similar correlation for ethane was developed using data at 152◦F (∼ 67◦C). Data was taken from Friend et al
(1991) and Funke et al (2002).
Table 6: Data for ethane pressure-density correlation.
T (K) T (C) T (F) P (MPa) P (Pa) P (psi) ρ(kg/m3)
340.000 66.850 152.330 11.009 11009370.000 1596.774 278.323
340.000 66.850 152.330 12.060 12059580.000 1749.094 295.568
340.000 66.850 152.330 20.000 20000000.000 2900.754 359.938
340.000 66.850 152.330 30.000 30000000.000 4351.131 397.225
340.000 66.850 152.330 40.000 40000000.000 5801.508 421.281
y = 109.57ln(x) - 1492
R² = 0.9874
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Figure 12: A pressure-density correlation for ethane.
The correlation developed is:
ρg = 109.57 ln(P )− 1492 (78)
∂ρg
∂P
=
15957
P
(79)
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C Detailed derivation of Synthetic Case
The detailed derivation for the synthetic case is shown below.
∂
∂x
(
ρg
k
µg
∂P
∂x
)
= φ
∂ρg
∂t
+ ρg
∂φ
∂t
− tcgc ∂φ
∂t
+ (1− φ)tc ∂gc
∂t
(80)
∂
∂x
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ρg
k
µg
∂P
∂x
)
= φ
∂ρg
∂P
∂P
∂t
+ ρg
∂φ
∂P
∂P
∂t
− tcgc ∂φ
∂P
∂P
∂t
+ (1− φ)tc ∂gc
∂P
∂P
∂t
(81)
Using dimensionless pressure as defined in (5):
∂
∂x
(
∆Pρg
k
µg
∂PD
∂x
)
=
(
φ
∂ρg
∂PD
+ ρg
∂φ
∂PD
− tcgc ∂φ
∂PD
+ (1− φ)tc ∂gc
∂PD
)
∂PD
∂t
(82)
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∆Pρg
k
µg
∂PD
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∂ρg
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+ ρgφ
1
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− tcgcφ 1
φ
∂φ
∂PD
+ (1− φ)tc ∂gc
∂PD
)
∂PD
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(83)
∂
∂x
(
∆Pρg
k
µg
∂PD
∂x
)
=
(
φρgcg + ρgφcf − tcgcφcf + (1− φ)tc ∂gc
∂PD
)
∂PD
∂t
(84)
where cg is gas compressibility and cf is formation compressibility.
Equation (84) can be expressed as:
∂
∂x
(
C
∂PD
∂x
)
= B
∂PD
∂t
(85)
